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Black hole stability under odd-parity perturbations in Horndeski gravity
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We study the stability under linear odd-parity perturbations of static spherically symmetric black
holes in Horndeski gravity. We derive the master equation for these perturbations and obtain the
conditions of no-ghost and Laplacian instability. In order for the black hole solutions to be stable,
we study their generalized “Regge-Wheeler potential”. It turns out that the problem is reduced to
an algebraic problem where three functions characterizing the black hole should be positive outside
the horizon to prove the stability. We found that these conditions are similar to the no-ghost and
Laplacian instability conditions. We apply our results to various known solutions.
I. INTRODUCTION
Extended models of gravity became very popular in
cosmology and black hole physics. In cosmology, these
models are used to explain inflation, dark energy or dark
matter, while hairy black hole solutions are studied in the
case of compact objects. They can have a very rich phe-
nomenology (see [1] for a recent review). In this paper,
we focus on static black hole solutions and their stability.
In fact, since the seminal work by Regge and Wheeler
[2] followed by Zerilli’s analysis [3], the theory of linear
perturbations is well defined. The metric perturbations
are decomposed according to their transformation prop-
erties under two-dimensional rotations. They are clas-
sified as odd (axial or vector) perturbations and even
(polar or scalar) ones. The two modes give rise to a mas-
ter linear differential equation similar to the Schro¨dinger
equation, from which, the stability can be derived, fol-
lowing the work by Vishveshwara [4], Price [5] and Wald
[6]. This formalism has also been extended to higher di-
mensions where an additional mode, dubbed tensor per-
turbations, appears [7]. The procedure to study these so-
lutions is also well-known. Developed initially by [8, 9],
it has been applied to various solutions (see e.g. [10–12]).
Instead of studying a particular model, we intend to
give the generic conditions of stability of static black
holes in Horndeski model [13]. These models which ap-
peared for the first time in 1974 didn’t attract much in-
terest, until they were rediscovered in a different context:
brane models. Extra dimensions provide an approach to
modify gravity without abandoning the form of the action
proposed in Einstein’s general relativity, such as Lovelock
polynomial [14]. From a phenomenological point of view,
we can avoid the constraints coming from the standard
model, by considering a brane world scenario instead of
a compactified dimension, that is, we are living in a hy-
persurface (the brane) in a higher dimensional spacetime
(the bulk). From the theoretical point of view, string the-
ory predicts a boundary layer, a brane, on which edges
of open strings stand. The possibility that we may be
living in a brane generates many questions and possible
solutions to numerous debated problems such as the hi-
erarchy problem [15].
Among brane models, DGP [16] attracted a lot of at-
tention even though an induced curvature term can’t
be motivated by higher energy theories and the self-
accelerating branch is plagued by an instability [17–21].
However, the analysis of the model continued, and an ef-
fective theory in 4D has been derived by integrating out
the extra dimension, giving rise to the so-called galileon,
[21] where the scalar field stands for the brane-bending
mode (i.e., a longitudinal graviton). It has been ex-
tended with additional terms with the same symmetry
in Minkowski background [22]. The model has been first
promoted to a covariant form [23] by abandoning the
galilean symmetry and finally generalized to the most
general action with a single scalar field which leads to
second order differential equations [24], keeping the the-
ory free from the Ostrogradsky instability [25]. This
model has been shown to be Horndeski’s original work
[26]. These models have not only attracted the atten-
tion of cosmologists but also the community of black hole
physics, because it constitutes a simple field to check var-
ious no-go theorems.
In this paper, we will derive the full stability condi-
tions of a black hole solution subjected to a linear odd-
parity gravitational perturbation. This work has already
been approached by other authors [27]. In their paper,
they have expanded the Horndeski action to second order
in odd-parity perturbations and succeeded in identifying
the master variable, they obtained the no-ghost and no-
gradient instability conditions (see [27] for more details).
All these results have been recovered in our paper, but
we have derived the correct generalized Regge-Wheeler
equation1 which is fundamental in the study of the sta-
bility of black holes and quasinormal modes. We have
performed the full analysis of the stability condition, by
expanding the action to second order of perturbations,
obtain the no-ghost and Laplacian stability conditions
and derive the correct generalized Regge-Wheeler po-
tential. Due to quasinormal modes (QNM) oscillations,
we discuss the stability of black holes by using the S-
deformation technique [9]. Our result reduces to previous
1 Our result has been accepted in a private communication with
the authors of [27] and it will be proved in a simple example as
shown in the Appendix A.
2expressions derived in the literature, such as the Regge-
Wheeler potential [2] or more recently [28, 29], in pres-
ence of a scalar field. We find that the stability analysis
is reduced to an algebraic problem where three functions
characterizing the black hole should be positive outside
the horizon. We finally apply this formalism to various
solutions, checking at the same time that our calculations
are correct, by confronting them to cases previously dis-
cussed in the literature.
II. THE MODEL
Following the same strategy as [27], we consider the
most general scalar-tensor theory in four dimensions hav-
ing second-order field equations, both for the metric and
the scalar field
S =
∫
d4x
√−g
[
L2 + L3 + L4 + L5
]
, (1)
where
L2 = K(φ,X), (2)
L3 = −G3(φ,X)φ, (3)
L4 = G4(φ,X)R+G4X
[
(φ)2 − (∇µ∇νφ)2
]
, (4)
L5 = G5(φ,X)Gµν∇µ∇νφ− 1
6
G5X
[
(φ)3
− 3φ(∇µ∇νφ)2 + 2(∇µ∇νφ)3
]
, (5)
where K and Gi are arbitrary functions of φ and X ≡
−(∂φ)2/2, and GiX ≡ ∂XGi
III. BACKGROUND
We consider a static spherically symmetric spacetime
for which the metric can be written in the following form
ds¯2 = g¯µνdx
µdxν , (6)
= −A(r)dt2 + dr
2
B(r)
+ C(r)
(
dθ2 + sin2 θ dϕ2
)
. (7)
We could choose the most generic case where the energy-
momentum tensor of the scalar field shares the symme-
tries of the geometry and not the scalar field but, as
a matter of simplicity, we will consider that the scalar
field inherits the spacetime symmetries, which implies
φ = φ(r). We will not substitute in our calculations
C = r2 because various solutions in the literature can
not be written in coordinate system where C = r2, like
the Fisher solution for a massless quintessence scalar field
[30].
Replacing the metric (7) in the action (2) and varying
the action with respect to the functions A, B and C, we
get three equations of motion which we will denote as
EA = 0, EB = 0 and EC = 0 respectively. Their complete
expressions are given in the Appendix B.
IV. PERTURBATIONS
Given the background equations of motion, we can now
derive the equations of perturbations. These perturba-
tions decompose into two types which separates at lin-
ear order, and therefore can be studied separately. One
type of perturbations induce a rotation of the black hole
while the second type impart no such rotation. They
are called axial (or odd) and polar (or even) perturba-
tions respectively. The metric can be decomposed as
gµν = g¯µν + hµν , where hµν represents the infinitesimal
perturbations to the static spherically symmetric back-
ground. Each perturbation component can be decom-
posed into spherical harmonics. Notice that odd-parity
modes get a factor (−1)l+1 under parity transformation
(θ, φ) → (π − θ, π + φ) while even-parity modes acquire
a factor (−1)l. In this paper, we will focus on the odd-
parity (axial) modes. We have in this case
htt = 0 , (8)
hti =
∑
l,m
h0,(l,m)(t, r)
[
0,
1
sin θ
∑
l,m
∂φY
m
l ,− sin θ
∑
l,m
∂θY
m
l
]
,
(9)
hij =
∑
l,m
[
h1,(l,m)(t, r)(e1)ij + h2,(l,m)(t, r)(e2)ij
]
, (10)
where the tensor spherical harmonics (e1,2)ij are given
by
(e1)ij =

 0 1sin θ∂φY ml − sin θ∂θY ml1
sin θ∂φY
m
l 0 0
− sin θ∂θY ml 0 0


(11)
and
(e2)ij =


0 0
0 − 1sin θ
[
∂2θφ − cot θ∂φ
]
Y ml
0 12
[
− 1sin2 θ∂2φ + cos θ∂θ + sin θ∂2θ
]
Y ml
0
1
2
[
− 1sin2 θ∂2φ + cos θ∂θ + sin θ∂2θ
]
Y ml[
sin θ∂2θφ − cos θ∂φ
]
Y ml

 . (12)
This can be written in a more compact way by intro-
ducing Eab ≡
√
det γ ǫab where a, b ∈ {θ, φ}, γab be-
ing the metric on the 2-sphere, and ǫab the totally anti-
symmetric symbol with ǫθφ = 1. We have then
hta =
∑
l,m
h0,(lm)(t, r)Eab∂
bY ml (θ, φ) , (13)
hra =
∑
l,m
h1,(lm)(t, r)Eab∂
bY ml (θ, φ) , (14)
hab =
1
2
∑
l,m
h2,(lm)
[
E ca ∇cbY ml (θ, φ) + E cb ∇caY ml (θ, φ)
]
.
(15)
3Not all perturbations are physical, we can fix some per-
turbations to zero because of the invariance under arbi-
trary differentiable coordinate transformations. We con-
sider an infinitesimal coordinate transformation in terms
of a small and arbitrary displacement four-vector ξµ,
xµ → xµ + ξµ. Because any scalar, can be decom-
posed directly into a sum of spherical harmonics and any
vector can be decomposed into a divergence part and a
divergence-free part. Therefore we have
ξt =
∑
l,m
Tl,m(t, r)Y
m
l (θ, φ) , (16)
ξr =
∑
l,m
Rl,m(t, r)Y
m
l (θ, φ) , (17)
ξa =
∑
l,m
[
Θl,m(t, r)∂aY
m
l (θ, φ) + Ξl,m(t, r)E
b
a ∂bY
m
l (θ, φ)
]
.
(18)
Notice that Θl,m(t, r)∂aY
m
l (θ, φ) is the divergence part
of the 2-vector ξa and Ξl,m(t, r)E
b
a ∂bY
m
l (θ, φ), the
divergence-free part. Only the latter contributes to the
odd-parity perturbations. Therefore we consider an in-
finitesimal displacement of the following form
ξt = 0 , (19)
ξr = 0 , (20)
ξa =
∑
l,m
Ξl,m(t, r)E
b
a ∂bY
m
l (θ, φ) . (21)
Under this transformation, the metric perturbations
transform as
h0,(l,m) → h0,(l,m) + Ξ˙l,m(t, r) , (22)
h1,(l,m) → h1,(l,m) + r2
(Ξl,m(t, r)
r2
)′
, (23)
h2,(l,m) → h2,(l,m) + 2Ξl,m(t, r) . (24)
We see therefore that the only way to fix completely the
gauge is to consider h2 = 0, any other choice, will fix
partially the gauge which is usually refereed to as the
“Regge-Wheeler” gauge [2]. The additional advantage of
using this gauge is that the equations of motion are inde-
pendent of m, which can therefore be set to zero. There-
fore the spherical harmonics can be replaced by Legendre
polynomials when fixing m = 0
Y ml =
√
(2l + 1)(l −m)!
4π(l +m)!
Pml e
imφ −−−→
m=0
√
(2l + 1)
4π
Pl(cos θ) ,
(25)
where Pml are the associated Legendre polynomials and
Pl, the Legendre polynomials. Finally, the equations of
motion for different l decouple and we can therefore pick
up a single value for l. In summary, for this particular
gauge choice, the odd-parity metric perturbations assume
the simple form
hµν = −


0 0 0 h0
0 0 0 h1
0 0 0 0
h0 h1 0 0


√
(2l + 1)
4π
sin θP ′l (cos θ) ,
(26)
where we simplified the notation h0 = h0,(l,m) and h1 =
h1,(l,m) since (l,m) are fixed.
In addition to the metric perturbations, we also need
to perturb the scalar field, φ = φ¯(r) + δφ(t, r, θ, φ). De-
pending on the context, we assume that there will be no
confusion between the scalar field and the azimuthal an-
gle. This perturbation can also be expanded into spher-
ical harmonics
δφ =
∑
l,m
Φ(t, r)Y ml (θ, φ) . (27)
Scalar field perturbation will contribute only to even-
parity modes and therefore we will consider δφ = 0.
A. Second-order action
To obtain a linear equation for h0 and h1, we expand
the action (1) to second order in the perturbations. We
derive the following action:
S(2) =
∫
dt drL(2) , (28)
where we performed an integration over the angles (θ, φ)
by using the standard relations of the Legendre Poly-
nomials and multiple integration by parts. The second-
order Lagrangian L(2) is of the form
L(2) = a1h20 + a2h21 + a3
[
h˙21 + h
′2
0 − 2h˙1h′0 + 2
C′
C
h˙1h0
]
,
(29)
where a dot represents differentiation with respect to t
and ′ with respect to r. The coefficients a1, a2 and a3 are
given by
a1 =
ℓ(ℓ+ 1)
4C
[ d
dr
(
C′
√
B
A
H
)
+
(ℓ− 1)(ℓ+ 2)√
AB
F
+
2C√
AB
EA
]
, (30)
a2 = − ℓ(ℓ+ 1)
2
√
AB
[
(ℓ− 1)(ℓ+ 2)
2C
G + EB
]
, (31)
a3 =
ℓ(ℓ+ 1)
4
√
B
A
H . (32)
4On-shell, EA = EB = 0 and hence the above expressions
simplify a bit
F = 2
(
G4 +
1
2
Bφ′X ′G5X −XG5φ
)
, (33)
G = 2
[
G4 − 2XG4X +X
(
A′
2A
Bφ′G5X +G5φ
)]
,
(34)
H = 2
[
G4 − 2XG4X +X
(
C′
2C
Bφ′G5X +G5φ
)]
.
(35)
and therefore we recover the same results as [27].
The Lagrangian (29) can be simplified by noticing that
the h˙0 is absent and therefore it is an auxiliary field. But
it is complicated to integrate it out using its equation
of motion because of the presence of the term h′20 in the
Lagrangian. Therefore, we introduce an additional field
[31] by rewriting the Lagrangian in the following form
L(2) =
[
a1 − (C
′a3)
′
C
]
h20 + a2h
2
1 + a3
[
h˙1 − h′0 +
C′
C
h0
]2
.
(36)
We now introduce an auxiliary field q and define the fol-
lowing Lagrangian
L =
[
a1 − (C
′a3)
′
C
]
h20 + a2h
2
1 + a3
[
2q
(
h˙1 − h′0 +
C′
C
h0
)
− q2
]
. (37)
It is easy to see that both the Lagrangians give the same
equations of motion, in fact, performing a variation with
respect to q gives
q = h˙1 − h′0 +
C′
C
h0 , (38)
which when replaced in (37) gives (36). Therefore, vary-
ing the Lagrangian (37) with respect to h0 and h1, leads
to
h0 = − (Ca3q)
′
Ca1 − (C′a3)′
, h1 =
a3
a2
q˙ , (39)
respectively. Plugging this result back to (37), we obtain
a quadratic Lagrangian solely in terms of the master vari-
able q, which constitutes the only degree of freedom−the
sole propagating odd mode. Any other function, such as
h0 and h1, can be determined once q is known using the
relations (39). Solving few integration by parts, we arrive
to a canonical form of the action
S(2) =
∫
dt dr
[
αq˙2 + βq′2 + γq2
]
, (40)
where
α =
l(l + 1)
4(l − 1)(l + 2)
√
B
A
C
A
H2
G , (41)
β = − l(l+ 1)
4(l− 1)(l + 2)
√
B
A
BC
H2
F , (42)
while γ has a longer expression and will not be neces-
sary at this level. In order to avoid a ghost, we need to
impose α > 0, which means G > 0 and the condition to
avoid Laplacian instabilities is β < 0 or F > 0, which
corresponds to real sound speed.
To arrive at the final result, we redefine the variable q
as
q =
√
AF
BCH2Q , (43)
and introduce the tortoise coordinate, dr =
√
ABdr∗.
The action (40) finally takes the form
S(2) =
l(l+ 1)
4(l − 1)(l + 2)
∫
dt dr∗
[F
G Q˙
2 −
( dQ
dr∗
)2
− V (r)Q2
]
,
(44)
where the potential is defined as
V = l(l + 1)
A
C
F
H −
C2
4C′
(ABC′2
C3
)′
− C
2F2
4F ′
(ABF ′2
C2F3
)′
− 2AF
CH . (45)
Even if the final result is structurally similar to [27], we
differ in the form of the potential.
Even if the action is not defined for l = 0 and l = 1,
these modes are not dynamical. For instance, l = 0 is
spherically symmetric and therefore obey the Birkhoff
theorem, while l = 1 corresponds to an infinitesimal shift
of the position of the black hole [2].
Since ℓ(ℓ + 1) corresponds to the two-dimensional
Laplacian in the real space, the first term in Eq. (45)
represents wave propagation along the angular direction.
Therefore, we also impose H > 0, which gives positive
squared propagation speeds along the angular direction.
In summary, the avoidance of ghost and Laplacian insta-
bility demands the conditions
F > 0, G > 0, H > 0 . (46)
V. STABILITY
From the variation of the action (44), we find
−∂
2Q
∂t2
+
G
F
∂2Q
∂r∗2
− GF V Q = 0 . (47)
Therefore, we see that we can define the speed of fluctu-
ations propagating radially as
c2r =
G
F . (48)
Also, the term GF V Q, includes the angular part, which
from (45), is
l(l + 1)
A
C
G
H . (49)
5This comes from the angular part of the Laplacian, from
which we can define the speed of angular excitations
c2Ω =
G
H . (50)
We therefore ensure the positivity of the speed squared
of propagation of the perturbations due to the conditions
given in (46). Having the equation of perturbations, we
now turn to their stability. Once a black hole is per-
turbed, it responds to perturbations by emitting gravi-
tational waves (GWs). This signal can be divided into
three stages
1. An early response which depends strongly on the
initial conditions.
2. An exponentially decaying phase, known as the
ringdown.
3. A late tail.
The distortion of the solution reduces to the spherical
solution after the emission of GWs during these stages.
The linear theory of perturbations studied in this paper
tackles the last two stages of this process, during which
the waveform is typically identified with a quasinormal
frequency ω and therefore this exponential damping of
the perturbations is called quasi-normal ringing. Because
the ringdown signal is given by a superposition of quasi-
normal modes (QNMs), we can write
Q(t, r) =
∑
n
e−iωntψn(r) . (51)
Replacing in (47), we have
(
− d
2
dr∗2
+ V
)
ψn =
ω2n
c2r
ψn . (52)
Any frequency ωn solves this equation but only a dis-
crete number solves it with additional boundary condi-
tions dictated by the physical problem. The boundary
conditions defining QNMs are purely ingoing at the hori-
zon and outgoing at infinity for asymptotically flat or
de Sitter (dS) spacetimes and should be null at infinity
for AdS spacetime. These conditions are physically moti-
vated, e.g., ingoing at the horizon means entering into the
black hole and we should not have any perturbations out-
going at the horizon. Equivalently, we should not have a
wave coming from infinity. These frequencies are usually
complex and we can see from (51) that the modes are not
growing in time when Im (ωn) < 0. Therefore the stabil-
ity of the black hole under linear perturbations dictate
that all QNMs should fulfill the condition Im (ωn) < 0.
Multiplying eq. (52) by the complex conjugate of ψn
and integrating over the tortoise coordinate, we obtain
after an integration by parts
−ψ¯n dψn
dr∗
∣∣∣+∞
−∞
+
∫
R
dr∗
[∣∣∣dψn
dr∗
∣∣∣2 + V |ψn|2] = ω2nA2 ,
(53)
where ψ¯n is the complex conjugate of ψn and A
2 =∫
R
dr∗ |ψn|
2
c2
r
> 0. In the first situation, where the black
hole is asymptotically flat or dS, the choice of the bound-
ary conditions are ingoing near the horizon (r∗ = −∞)
and outgoing at infinity or at the cosmological horizon
(r∗ = +∞). Therefore,
ψn(r
∗) ∝ e−iωnr∗ , when r∗ = −∞ and
ψn(r
∗) ∝ e+iωnr∗ , when r∗ = +∞ . (54)
This implies that there is no signal which comes from the
black hole or from any source at infinity. The conditions
for asymptotically AdS are the same at the horizon but
the Dirichlet one at infinity, given by
ψn(r
∗) ∝ e−iωnr∗ , when r∗ = −∞ and
ψn(r
∗) = 0 , when r∗ = 0 (55)
where r∗ = 0 corresponds to r =∞.
We therefore have
−ψ¯n dψn
dr∗
∣∣∣+∞
−∞
= −iωnB2 , (56)
where B2 = |ψn(+∞)|2 + |ψn(−∞)|2, for an asymptot-
ically flat or dS black hole and B2 = |ψn(−∞)|2 for an
asymptotically AdS spacetime. Hence, B2 is always a
real positive number. Therefore, the eq. (53) becomes∫
R
dr∗
[∣∣∣dψn
dr∗
∣∣∣2 + V |ψn|2] = ω2nA2 + iωnB2 . (57)
The imaginary part of this equation reads
Re (ωn)
(
2 Im (ωn)A
2 +B2
)
= 0 . (58)
Therefore, if the black hole is unstable (i.e., Im (ωn) > 0)
then Re (ωn) = 0. The unstable modes do not oscillate.
So, the unstable modes are equivalent to the condition
ω2n < 0 (i.e., purely imaginary modes), which from (52)
concludes that the stability of the spacetime is related to
the positivity of the operator − d2
dr∗2
+ V .
We now turn to the real part of (57) which reads∫
R
dr∗
[∣∣∣dψn
dr∗
∣∣∣2 + V |ψn|2] = (Re (ωn)2 − Im (ωn)2)A2
− Im (ωn)B2 . (59)
If the mode is unstable, we have Re (ωn) = 0 and
Im (ωn) > 0, which implies the right-hand side of eq.
(59) being negative, and therefore this condition can be
fulfilled only if the potential on the left-hand side of eq.
(59) is negative. Of course, a negative potential can yet
give a positive integral. On the contrary, if the potential
is positive, we necessarily have stability. In the case of a
negative potential, the “S-deformation” approach is use-
ful. For that, we introduce a smooth function and a new
6“derivative”, D = d
dr∗
+ S. We get, after integration by
parts∫
R
dr∗
[∣∣∣dψn
dr∗
∣∣∣2 + V |ψn|2] =
∫
R
dr∗
[
|Dψn|2 +W |ψn|2
]
− S|ψn|2
∣∣∣r∗=+∞
r∗=−∞
, (60)
where the new potential W is defined as
W = V +
dS
dr∗
− S2 . (61)
We therefore see that if we can find a function S such
as S(r∗ = +∞) ≤ 0, S(r∗ = −∞) ≥ 0 and W ≥ 0, we
will have the left-hand side of eq. (59) positive and hence
stability of the solution.
Considering
S =
1
2
d ln(CF)
dr∗
=
√
AB
2
(C′
C
+
F ′
F
)
, (62)
we find that
W = (l + 2)(l − 1)A
C
F
H . (63)
If F/H < 0, the solution is unstable. In fact, eq. (60)
is necessarily negative for sufficiently large l (because of
W ), while if F/H > 0 and S(r∗ = +∞) ≤ 0, S(r∗ =
−∞) ≥ 0, all the terms of eq. (60) are positive for any l
which ensures the stability.
In conclusion, Horndeski black holes are linearly stable
under odd perturbations if and only if F > 0, G > 0 and
H > 0. Also we need the conditions S(r∗ = +∞) ≤ 0,
S(r∗ = −∞) ≥ 0 where
S =
√
AB
2
(C′
C
+
F ′
F
)
. (64)
VI. APPLICATION TO PARTICULAR MODELS
A. General Relativity
We first apply the results to the most standard example
to check the consistency of our calculations. In general
relativity, the action can be written in the form (2) with
K = 0, G3 = 0, G4 =
1
2
, G5 = 0 . (65)
In this case, we have
F = G = H = 1 , (66)
which are all positive. The stability is therefore proved iff
the S-deformation technique used is licit, which means if
the conditions S(r∗ = +∞) ≤ 0 and S(r∗ = −∞) ≥ 0 is
true for S defined in (64). For GR, it is easy to calculate
that
S =
A(r)
r
, where A = 1− 2M
r
. (67)
We consider the Schwarzschild solution
A = B = 1− 2M
r
, C = r2 , (68)
and find that S(r∗ = +∞) = S(r∗ = −∞) = 0 where
r∗ is the tortoise coordinate, which allows us to conclude
that Schwarzschild spacetime is stable under odd pertur-
bations. For completeness, we derive the potential V (r)
from eq. (45)
V (r) =
(
1− 2M
r
)[ l(l+ 1)
r2
− 6M
r3
]
, (69)
which is the Regge-Wheeler potential [2].
We conclude that the Schwarzschild spacetime does
not exhibit either ghost or gradient instability, it is stable
and the propagation speeds along both radial and angular
directions are equal to the speed of light, c2r = c
2
θ = 1.
B. General Relativity conformally coupled to a
scalar filed
Considering a scalar field with non-negative potential
in asymptotically flat spacetimes, it is well known that
static black holes do not have scalar hair [32] (see [33] for
a recent review). In fact, if the scalar field is not zero,
then the equations show that it will diverge at the hori-
zon, implying a divergence of the curvature too. There-
fore to obtain a regular black hole solution, one has to
consider the trivial solution where the scalar field van-
ishes and hence the theory reduces to Einstein gravity
in vacuum, imposing that the solution is Schwarzschild,
or more generically, Kerr-Newman family. We there-
fore show the non-existence of hairy black holes. But
in 1972, a conformally coupled scalar field to GR giv-
ing rise to solution asymptotically flat and different form
Schwarzschild was derived. The scalar field is still singu-
lar on the horizon but without a divergence of the cur-
vature tensor. The action is defined as
S =
∫
d4x
√−g
[R
2
− 1
2
(∂φ)2 − R
12
φ2
]
, (70)
where the solution is
ds2 = −
(
1− M
r
)2
dt2 +
dr2(
1− M
r
)2 + r2dΩ2 , (71)
φ =
√
6M
r −M . (72)
This is known as the Bocharova-Bronnikov-Melnikov-
Bekenstein (BBMB) solution [34, 35]. Even if the so-
lution is not Schwarzschild, it is the extreme Reissner-
Nordstro¨m solution, there are no other parameters to
7describe the solution except the mass. Therefore it is
not a hairy black hole solution (or primary hair) but sec-
ondary hair solution [33].
The stability of this solution is unclear since both sit-
uations have been claimed−stable in [36] and unstable in
[37]. Unfortunately, the stability has been studied only
for radial (monopole) perturbations in case of even-parity
perturbations. We, therefore, extend the analysis and
study completely the odd-parity perturbations. In our
notations, for this case, we have
K = X, G3 = 0, G4 =
1
2
(
1− φ
2
6
)
, G5 = 0 . (73)
Therefore, we obtain
F = G = H = 1− φ
2
6
=
r(r − 2M)
(r −M)2 . (74)
It is therefore easy to check that the S-deformation is
licit, S(r∗ = +∞) = S(r∗ = −∞) = 0. So, we can
directly use our conditions of stability which shows that
outside the horizon, in the range M < r < 2M , we have
F , G and H negative.
In conclusion the BBMB solution is unstable under
odd gravitational perturbations.
C. Extended BBMB solution
In [38], the authors extended the solution by including
a cosmological constant (MTZ solution)
ds2 = −
[(
1− M
r
)2
− Λ
3
r2
]
dt2 +
dr2(
1− M
r
)2
− Λ3 r2
+ r2dΩ2 , (75)
φ =
√
6M
r −M . (76)
For that, they had to add in the action, a quartic inter-
action term along with a cosmological constant
S =
∫
d4x
√−g
[R
2
− 1
2
(∂φ)2 − R
12
φ2 − Λ + Λ
36
φ4
]
.
(77)
This solution is studied between the event horizon rmin
and the cosmological horizon rmax, given by
rmin =
l
2
(
1−
√
1− 4M
l
)
, (78)
rmax =
l
2
(
1 +
√
1− 4M
l
)
, (79)
where l =
√
3/Λ > 0 and hence, the existence of the
horizon imposes the condition 0 < 4M < l. For this
class of theories, we find that the S-deformation is licit,
S(r∗ = +∞) = S(r∗ = −∞) = 0, and the stability
condition is given by the positivity of
F = G = H = 1− φ
2
6
=
r(2 − 2M)
(r −M)2 . (80)
It is again easy to check that the odd perturbations are
unstable because F , G and H are negative in the range
rmin < r < 2M . In fact in the range of existence of
the black hole solution, 0 < 4M < l, we always have
rmin < 2M .
D. No scalar-hair theorem
Various no-hair theorems were derived in the litera-
ture, where the only static spherical regular black hole is
proved to be Schwarzschild. For that, the authors show
that the scalar field should be trivial (i.e., constant or
zero). We can, for example, cite the no hair theorem
for massless scalar field [40], minimally coupled scalar
field with arbitrary positive potential [41, 42], nonmini-
mally coupled scalar field [43, 44], in Brans-Dicke theory
of gravity [45] or more recently, for galileons [46]. Con-
sidering that we have for these models Schwarzschild as
a solution with a constant or vanishing scalar field (φ0),
we conclude that
F = G = H = 2G4(φ0, 0) , (81)
and therefore, Schwarzschild solution is stable in these
models if G4(φ0, 0) > 0. Of course, for that we need to
consider the S-deformation technique is licit. We will see
in the next example, a model for which we can’t use this
approach.
E. Non-minimal derivative coupling
Among the possible models of Horndeski, the coupling
between the derivative of the scalar field and the Einstein
tensor has also been studied. In this case the action is
S =
∫
d4x
√−g
[R
2
+
1
2
(∂φ)2 +
z
2
φGµν∇µ∇νφ
]
, (82)
and the black hole solution was found in [39], which is
A =
3
4
− 2M
r
+
r2
12z
+
√
z
4r
arctan
( r√
z
)
, (83)
B =
4(r2 + z)2A
(r2 + 2z)2
, (84)
φ′2 =
r2(r2 + 2z)2
4z(r2 + z)3A
. (85)
Notice the (+) sign of the kinetic term in the action which
we adopt in order to have a real scalar field while it is
defined as complex in [39]. Also, in the limit z → ∞,
8the scalar field becomes constant and the metric be-
comes Schwarzschild. Therefore, the solution constitutes
a smooth deformation of the Schwarzschild spacetime.
We have in our notations
K = −X, G3 = 0, G4 = 1
2
, G5 =
z
2
φ , (86)
which gives
F = 3r
2 + 2z
2(r2 + z)
, (87)
G = H = r
2 + 2z
2(r2 + z)
. (88)
We might conclude that the solution is stable because
F > 0, G > 0 and H > 0 but, in fact, the S-deformation
is not licit, since S(r∗ = 0) = +∞ and therefore it is an
example where the formulas derived can’t be used. We
study the potential V directly from which it is easy to see
that V (r∗ = −∞) = 0 and V (r∗ = 0) = 9l(l+1)−136z , and
we have checked graphically that the potential is always
positive (see Fig.1), which implies the stability of the
solution.
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FIG. 1. Potential for the black hole solution (83,84) from the
horizon where the potential is null to its asymptotic value
(9l(l + 1) − 1)/36z.
VII. CONCLUSION
In this paper, we have studied odd-parity pertur-
bations around static and spherically symmetric back-
ground spacetime in Horndeski gravity. We have derived
the conditions of no-ghost and Laplacian instability, as
well as the conditions of stability under these perturba-
tions. We found that these conditions are similar and
reduce to very simple conditions
F(r) > 0, G(r) > 0, H(r) > 0 ,
where r runs from the event horizon to infinity or cosmo-
logical horizon and
F = 2
[
G4 +
1
2
Bφ′X ′G5X −XG5φ
]
,
G = 2
[
G4 − 2XG4X +X
(
A′
2A
Bφ′G5X +G5φ
)]
,
H = 2
[
G4 − 2XG4X +X
(
C′
2C
Bφ′G5X +G5φ
)]
.
We have applied the results to various solutions en-
countered in the literature. We found that for some
spacetimes, the S-deformation is not possible because
of a boundary term which makes the argument impos-
sible. The condition to use the S-deformation and there-
fore the previous results is S(r = rHorizon) ≥ 0 and
S(r = +∞) ≤ 0 where +∞ can be the cosmological
horizon in the case of an asymptotically de Sitter solu-
tion.
S =
√
AB
2
(C′
C
+
F ′
F
)
(89)
The condition will often be violated in asymptotically
AdS solution, and therefore this S-deformation will not
be used for these spacetimes. In these particular cases, we
can study directly the potential and show its positivity as
we have done in this paper or use an other S-deformation.
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Appendix A: Verification of the paper [27]
In [27], the authors performed an analysis of black hole
perturbations in the Horndeski model under odd-parity
perturbations. In this appendix, we will show that in the
simplest case of Schwarzschild solution in GR, their result
do not produce the famous Regge and Wheeler potential.
Considering GR and therefore, F = G = H = 1 and
A = B = 1 − 2M/r, the second order action they found
gives
S ∝
∫
dtdr
[ Q˙2
A2
−Q′2 − l(l+ 1)
r2A
Q2 − V Q2
]
, (A1)
where
V (r) =
M(61M − 32r)
4r2(r − 2M)2 . (A2)
9Transforming the coordinate r to the tortoise coordinate
dr = Adr∗ and considering the change of variable Q =√
Aξ, we get after an integration by parts
S ∝
∫
dtdr∗
[
ξ˙2 −
( dξ
dr∗
)2
−Wξ2
]
, (A3)
which gives after variation
−∂
2ξ
∂t2
+
∂2ξ
∂r∗2
−Wξ = 0 , (A4)
where
W (r) = A
[ l(l+ 1)
r2
+
M(41M − 24r)
4r3(r − 2M)
]
, (A5)
which is clearly not the Regge-Wheeler potential.
Finally, it can easily be checked that our result is gen-
eralizing previous calculations derived for specific models
(see e.g. [28, 29]).
Appendix B: Background equations
Here we define the quantities that appear in the back-
ground equations EA = EB = EC = 0
EA := K +Bφ′X ′G3X − 2XG3φ + 2
C
(
1 +
BC′2
4C
−BC′′ − B
′C′
2
)
G4 +
2BC′
C
(
2C′′
C′
− C
′
2C
+
X ′
X
+
B′
B
)
XG4X
+
4BC′
C
XX ′G4XX −Bφ′
(
2C′
C
+
X ′
X
)
G4φ + 4XG4φφ + 2Bφ
′
(
2C′
C
− X
′
X
)
XG4φX
+
Bφ′
C
[
(1− 3BC
′2
4C
)
X ′
X
+
BC′
C
(
C′2
2C
− C′′
)
− B
′C′2
2C
]
XG5X − B
2C′2φ′
2C2
XX ′G5XX
− 2
C
[
1 +B
(
C′′ − C
′2
4C
)
+BC′
X ′
X
+
B′C′
2
]
XG5φ − 2BC
′φ′
C
XG5φφ +
2BC′
C
(
C′
2C
− X
′
X
)
X2G5φX , (B1)
EB := K − 2XKX +
(
2C′
C
+
A′
A
)
Bφ′XG3X + 2XG3φ
+
2
C
(
1− BC
′2
4C
− A
′BC′
2A
)
G4 − 4
C
(
1− BC
′2
2C
− A
′BC′
A
)
XG4X +
4BC′
C
(
C′
2C
+
A′
A
)
X2G4XX
−
(
2C′
C
+
A′
A
)
Bφ′G4φ − 2
(
2C′
C
+
A′
A
)
Bφ′XG4φX +
Bφ′
C
(
1− 5BC
′2
4C
)
A′
A
XG5X
−A
′B2C′2φ′
2AC2
X2G5XX +
2
C
(
1− 3BC
′2
4C
− 3A
′BC′
2A
)
XG5φ − 2BC
′
C
(
C′
2C
+
A′
A
)
X2G5φX , (B2)
EC := K − 2XG3φ +Bφ′X ′G3X −
[√
B
A
(√
B
A
A′
)′
+
√
B
C
(√
B
C
C′
)′
+
A′BC′
2AC
]
G4
+
2
φ′
(
A′
A
+
C′
C
+
X ′
X
)
XG4φ +BX
(
−A
′2
A2
− C
′2
C2
+
A′B′
AB
+
A′C′
AC
+
B′C′
BC
+
2A′′
A
+
2C′′
C
)(
G4X − 1
2
G5φ
)
+BX ′
(
C′
C
+
A′
A
)
(G4X −G5φ) + 4XG4φφ + 2Bφ′
(
C′
C
+
A′
A
− X
′
X
)
XG4φX
+2B
(
C′
C
+
A′
A
)
XX ′G4XX − B
2φ′
2C
[
A′′C′
A
− A
′2C′
2A2
+
A′
A
(
C′′ − C
′2
2C
+
B′C′
B
+
3C′X ′
2X
)]
XG5X
−Bφ′X
(
C′
C
+
A′
A
)
G5φφ +B
[
A′C′
AC
− X
′
X
(
C′
C
+
A′
A
)]
X2G5φX
−A
′B2C′φ′
2AC
XX ′G5XX , (B3)
[1] E. Berti et al., Class. Quant. Grav. 32 (2015) 243001
doi:10.1088/0264-9381/32/24/243001 [arXiv:1501.07274
[gr-qc]].
10
[2] T. Regge and J. A. Wheeler, Phys. Rev. 108 (1957) 1063.
doi:10.1103/PhysRev.108.1063
[3] F. J. Zerilli, Phys. Rev. Lett. 24 (1970) 737.
[4] C. V. Vishveshwara, Phys. Rev. D 1 (1970) 2870.
doi:10.1103/PhysRevD.1.2870
[5] R. H. Price, Phys. Rev. D 5 (1972) 2419.
doi:10.1103/PhysRevD.5.2419
[6] R. M. Wald, J. Math. Phys. 20 (1979), 1056; J. Math.
Phys. 21 (1980), 218.
[7] G. Gibbons and S. A. Hartnoll, Phys. Rev. D 66 (2002)
064024 [hep-th/0206202].
[8] H. Kodama and A. Ishibashi, Prog. Theor. Phys. 110
(2003) 701 [hep-th/0305147].
[9] A. Ishibashi and H. Kodama, Prog. Theor. Phys. 110
(2003) 901 [hep-th/0305185].
[10] R. J. Gleiser and G. Dotti, Phys. Rev. D 72 (2005)
124002 [gr-qc/0510069].
[11] T. Takahashi and J. Soda, Prog. Theor. Phys. 124 (2010)
911 [arXiv:1008.1385 [gr-qc]].
[12] R. Gannouji and N. Dadhich, Class. Quant. Grav.
31 (2014) 165016 doi:10.1088/0264-9381/31/16/165016
[arXiv:1311.4543 [gr-qc]].
[13] G. W. Horndeski, Int. J. Theor. Phys. 10 (1974) 363.
doi:10.1007/BF01807638
[14] D. Lovelock, J. Math. Phys. 12 (1971) 498.
doi:10.1063/1.1665613
[15] M. Gogberashvili, Int. J. Mod. Phys. D 11 (2002) 1635
doi:10.1142/S0218271802002992 [hep-ph/9812296].
[16] G. R. Dvali, G. Gabadadze and M. Porrati, Phys. Lett.
B 485 (2000) 208 doi:10.1016/S0370-2693(00)00669-9
[hep-th/0005016].
[17] A. Nicolis and R. Rattazzi, JHEP 0406 (2004) 059
doi:10.1088/1126-6708/2004/06/059 [hep-th/0404159].
[18] K. Koyama, Phys. Rev. D 72 (2005) 123511
doi:10.1103/PhysRevD.72.123511 [hep-th/0503191].
[19] K. Koyama and K. Koyama, Phys. Rev. D 72
(2005) 043511 doi:10.1103/PhysRevD.72.043511
[hep-th/0501232].
[20] C. Charmousis, R. Gregory, N. Kaloper and
A. Padilla, JHEP 0610 (2006) 066 doi:10.1088/1126-
6708/2006/10/066 [hep-th/0604086].
[21] M. A. Luty, M. Porrati and R. Rattazzi, JHEP
0309 (2003) 029 doi:10.1088/1126-6708/2003/09/029
[hep-th/0303116].
[22] A. Nicolis, R. Rattazzi and E. Trincherini, Phys. Rev.
D 79 (2009) 064036 doi:10.1103/PhysRevD.79.064036
[arXiv:0811.2197 [hep-th]].
[23] C. Deffayet, G. Esposito-Farese and
A. Vikman, Phys. Rev. D 79 (2009) 084003
doi:10.1103/PhysRevD.79.084003 [arXiv:0901.1314
[hep-th]].
[24] C. Deffayet, X. Gao, D. A. Steer and G. Za-
hariade, Phys. Rev. D 84 (2011) 064039
doi:10.1103/PhysRevD.84.064039 [arXiv:1103.3260
[hep-th]].
[25] R. P. Woodard, Lect. Notes Phys. 720 (2007) 403
doi:10.1007/978-3-540-71013-4 14 [astro-ph/0601672].
[26] T. Kobayashi, M. Yamaguchi and J. Yokoyama, Prog.
Theor. Phys. 126 (2011) 511 doi:10.1143/PTP.126.511
[arXiv:1105.5723 [hep-th]].
[27] T. Kobayashi, H. Motohashi and T. Suyama, Phys. Rev.
D 85 (2012) 084025 doi:10.1103/PhysRevD.85.084025
[arXiv:1202.4893 [gr-qc]].
[28] A. Anabalon, J. Bicˇa´k and J. Saavedra, Phys. Rev. D 90
(2014) no.12, 124055 doi:10.1103/PhysRevD.90.124055
[arXiv:1405.7893 [gr-qc]].
[29] A. Cisterna, M. Cruz, T. Delsate and J. Saave-
dra, Phys. Rev. D 92 (2015) no.10, 104018
doi:10.1103/PhysRevD.92.104018 [arXiv:1508.06413
[gr-qc]].
[30] I. Z. Fisher, Zh. Eksp. Teor. Fiz. 18 (1948) 636
[gr-qc/9911008].
[31] A. De Felice, T. Suyama and T. Tanaka, Phys. Rev.
D 83 (2011) 104035 doi:10.1103/PhysRevD.83.104035
[arXiv:1102.1521 [gr-qc]].
[32] J. D. Bekenstein, Phys. Rev. D 5 (1972) 1239.
doi:10.1103/PhysRevD.5.1239
[33] C. A. R. Herdeiro and E. Radu, Int. J. Mod. Phys. D 24
(2015) no.09, 1542014 doi:10.1142/S0218271815420146
[arXiv:1504.08209 [gr-qc]].
[34] N. M. Bocharova, K. A. Bronnikov and V. N. Melnikov,
Vestn. Mosk. Univ. Ser. III Fiz. Astron. (1970) no.6, 706.
[35] J. D. Bekenstein, Annals Phys. 82 (1974) 535.
doi:10.1016/0003-4916(74)90124-9
[36] P. L. McFadden and N. G. Turok, Phys. Rev.
D 71 (2005) 086004 doi:10.1103/PhysRevD.71.086004
[hep-th/0412109].
[37] K. A. Bronnikov and Y. N. Kireev, Phys. Lett. A 67
(1978) 95. doi:10.1016/0375-9601(78)90030-0
[38] C. Martinez, R. Troncoso and J. Zanelli, Phys. Rev.
D 67 (2003) 024008 doi:10.1103/PhysRevD.67.024008
[hep-th/0205319].
[39] M. Rinaldi, Phys. Rev. D 86 (2012) 084048
doi:10.1103/PhysRevD.86.084048 [arXiv:1208.0103
[gr-qc]].
[40] J. E. Chase, Commun. Math. Phys. 19 (1970) 276.
[41] M. Heusler, J. Math. Phys. 33 (1992) 3497.
doi:10.1063/1.529899
[42] D. Sudarsky, Class. Quant. Grav. 12 (1995) 579.
doi:10.1088/0264-9381/12/2/023
[43] A. E. Mayo and J. D. Bekenstein, Phys. Rev. D 54 (1996)
5059 doi:10.1103/PhysRevD.54.5059 [gr-qc/9602057].
[44] J. D. Bekenstein, In *Moscow 1996, 2nd Interna-
tional A.D. Sakharov Conference on physics* 216-219
[gr-qc/9605059].
[45] V. Faraoni and T. P. Sotiriou,
doi:10.1142/9789814623995 0095 arXiv:1303.0746
[gr-qc].
[46] L. Hui and A. Nicolis, Phys. Rev. Lett. 110 (2013) 241104
doi:10.1103/PhysRevLett.110.241104 [arXiv:1202.1296
[hep-th]].
